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Abstract

More general and stronger estimations of bounds for the fundamental functions of Hermite

interpolation of high order on an arbitrary system of nodes on infinite intervals are given.

Based on this result, convergence of Gaussian quadrature formulas for Riemann–Stieltjes

integrable functions on an arbitrary system of nodes on infinite intervals is discussed.
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1. Introduction

Let nAN ðnX2Þ; mknAN ðk ¼ 1; 2;y; n; n ¼ 2; 3;yÞ; and

X :¼ fx1n; x2n;y; xnng;�Noxnnoxn�1;no?ox1noþN: ð1:1Þ

Throughout this paper let Nn :¼
Pn

k¼1 mkn � 1 and m :¼ supnX2 max1pkpn mknoþ
N: In what follows, mkn; xkn;y; will be denoted by mk; xk;y; respectively. We
assume that da is a measure function on R with all moments of da being finite.
Denote by PNn

the set of polynomials of degree at most Nn and by Ajk the
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fundamental polynomials for Hermite interpolation, i.e., AjkAPNn
satisfy

A
ðpÞ
jk ðxqÞ ¼ djpdkq; p ¼ 0; 1;y;mq � 1; j ¼ 0; 1;y;mk � 1;

q; k ¼ 1; 2;y; n: ð1:2Þ
To give an explicit formula for Ajk set

LkðxÞ ¼
Yn

q¼1;qak

x � xq

xk � xq

� �mq

; k ¼ 1; 2;y; n;

bnk ¼ 1

n!
½LkðxÞ�1	ðnÞx¼xk

; n ¼ 0; 1;y;mk � 1; k ¼ 1; 2;y; n; ð1:3Þ

BjkðxÞ ¼
Xmk�j�1

n¼0

bnkðx � xkÞn; j ¼ 0; 1;y;mk � 1; k ¼ 1; 2;y; n: ð1:4Þ

Then we have [3]

AjkðxÞ ¼
1

j!
ðx � xkÞ j

BjkðxÞLkðxÞ; j ¼ 0; 1;y;mk � 1; k ¼ 1; 2;y; n: ð1:5Þ

In this paper, we need the following notations:

d1 ¼
jx1 � x2j; for m241;

jx1 � x3j; for m2 ¼ 1;

(

dn ¼
jxn�1 � xnj; for mn�141;

jxn�2 � xnj; for mn�1 ¼ 1;

(

dk ¼ maxfjxk�1 � xkj; jxk � xkþ1jg; 2pkpn � 1;

Dn ¼ max
1pkpn

dk; n ¼ 1; 2;y;

snðxÞ ¼ sgn
Yn

k¼1

ðx � xkÞmk ;

ljkn ¼
Z þN

�N

AjkðxÞsnðxÞ daðxÞ; j ¼ 0; 1;y;mk � 1; k ¼ 1; 2;y; n; ð1:6Þ

Qnðda; f Þ ¼
Xn

k¼1

l0kðdaÞ f ðxknðdaÞÞ; n ¼ 2; 3;y; fASðdaÞ: ð1:7Þ

Here SðdaÞ stands for the set of all Riemann–Stieltjes integrable functions on R: For
convenience of use, now we give three definitions.

Definition 1.1 (Freud [1, p. 62]). daAE means that if a measure db satisfiesZ
R

xn dbðxÞ ¼
Z
R

xn daðxÞ; n ¼ 0; 1;y;
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then

bðxÞ � bð�NÞ ¼ aðxÞ � að�NÞ;

apart from denumerably many points of discontinuity.

Definition 1.2 (Freud [1, p. 69]). fAS0ðdaÞ means that fASðdaÞ and there exist three
positive numbers s; A; B such that

jf ðxÞjpA þ Bjxjs; xAR:

Definition 1.3 (Freud [1, p. 88]). Let

�Noxnnoxn�1;no?ox1noþN; n ¼ 1; 2;y

and

aknX0; k ¼ 1; 2;y; n; n ¼ 1; 2;y : ð1:8Þ

Let

Qnð f Þ ¼
Xn

k¼1

aknf ðxknÞ:

A positive quadrature procedure fQng is said to belong to the measure da if the
relation

lim
n-N

Qnð f Þ ¼
Z
R

f ðxÞ daðxÞ ð1:9Þ

holds for every polynomial f :

Theorem 2.1 in [3] gives a good estimation of bounds for the fundamental
functions of Hermite interpolation of higher order on an arbitrary system of nodes
on the interval ½�1; 1	 (see Theorem A below), but it holds only on finite interval. The
first aim of this paper is to improve the result of [3, Theorem 2.1] and to extend it to
infinite intervals in Section 2 using many ideas of [3]. As applications of this result,
the second aim of this paper is to give conditions for convergence of Gaussian
quadrature formulas Qnðda; f Þ for fASðdaÞ under the assumption that all mk;
1pkpn; nAN; are even, which improves the result of [1, Theorem 1.6, p.93] (see
Theorem C below) on an arbitrary system of nodes on infinite intervals in Section 3.
Of course, in this case sn ¼ 1; a.e.

2. A basic theorem

First we state a known result.
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Theorem A (Shi [3, Theorem 2.1]). If for a fixed n; mk � j is odd and joiomk;
1pkpn; then with c ¼ 1;

BjkðxÞXc
x � xk

dk

����
����
i�j

jBikðxÞj; xAI ; 1pkpn:

jAjkðxÞjXc
i!

j!
dk

j�ijAikðxÞj; xAI ; 1pkpn;

where

1 ¼ x0Xx14x24?4xnXxnþ1 ¼ �1;

dk ¼ maxfjxk � xk�1j; jxk � xkþ1jg; k ¼ 1; 2;y; n

and

I ¼
R for 2pkpn � 1;

ð�N; 1	 for k ¼ 1;

½1;þNÞ for k ¼ n:

8><
>:

Before stating the main result, we give an important lemma.

Lemma 2.1. If m1 � i is even then

Bi1ðxÞo0; x4x1 þ d1: ð2:1Þ

Proof. Using [3, (2.32)] with k ¼ 1 and r ¼ 2 as well as [3, (2.25)], we obtain

ð�1Þnbn1X
ð�1Þn�1

d1
bn�1;140; n ¼ 1; 2;y;m1 � 1: ð2:2Þ

From (1.4) for k ¼ 1; we have

Bi1ðxÞ ¼
Xm1�i�1

n¼0

bn1ðx � x1Þn

¼
Xm1�i�2

2

n¼0

½b2nþ1;1ðx � x1Þ þ b2n;1	ðx � x1Þ2n: ð2:3Þ

Since x � x14d1; by (2.2)

b2nþ1;1ðx � x1Þ þ b2n;1ob2nþ1;1d1 þ b2n;1p0: ð2:4Þ

Inequality (2.1) follows directly from (2.3) and (2.4).

The following result improves Theorem A and plays a crucial role in this paper.
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Theorem 2.1. If for a fixed n; mk � j is odd and joiomk; 1pkpn; then

BjkðxÞX
x � xk

dk

����
����
i�j

jBikðxÞj; xAR; 1pkpn: ð2:5Þ

jAjkðxÞjX
i!

j!
d

j�i
k jAikðxÞj; xAR; 1pkpn: ð2:6Þ

Proof. For 2pkpn � 1; according to Theorem A, inequality (2.5) is obvious.
For k ¼ 1; we separate two cases.
Case 1: xpx1 þ d1:
Let

a ¼ xn � dn; b ¼ x1 þ d1:

Using the following linear transformation from the interval ½a; b	 to the interval
½�1; 1	

x0 ¼ 2

b � a
x � a þ b

b � a
; ð2:7Þ

one can get

xi
0 ¼ 2

b � a
xi �

a þ b

b � a
; i ¼ 0; 1;y; n; n þ 1;

where x0 :¼ x1 þ d1; xnþ1 :¼ xn � dn:
Hence,

�1 ¼ xnþ1
0oxn

0oxn�1
0o?ox2

0ox1
0ox0

0 ¼ 1:

Let

L1
0ðxÞ ¼

Yn

q¼2

x � xq
0

x1
0 � xq

0

� �mq

;

bn1
0 ¼ 1

n!
½L1

0ðxÞ�1	ðnÞx¼x1
0 ; n ¼ 0; 1;y;m1 � 1;

Bj1
0ðxÞ ¼

Xm1�j�1

n¼0

bn1
0ðx � x1

0Þn;

d1
0 ¼

jx1
0 � x2

0j for m241;

jx1
0 � x3

0j for m2 ¼ 1;

(

dn
0 ¼

jxn�1
0 � xn

0j for mn�141;

jxn�2
0 � xn

0j for mn�1 ¼ 1;

(

d1
0 ¼ maxfjx1

0 � x2
0j; jx1

0 � x0
0jg;

dk
0 ¼ dk; 2pkpn � 1:
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Then

L1ðxÞ ¼
Yn

q¼2

x � xq

x1 � xq

� �mq

¼
Yn

q¼2

x � b�a
2

xq
0 � aþb

2
b�a
2
ðx1

0 � xq
0Þ

" #mq

¼L1
0 2

b � a
x � a þ b

b � a

� �

and

½L1ðxÞ�1	ðnÞx¼x1
¼ 2

b � a

� �n

½L1
0ðxÞ�1	ðnÞx¼x1

0 ; n ¼ 0; 1;y;m1 � 1;

from which by (1.3) for k ¼ 1 it follows that

bn1 ¼
1

n!
½L1ðxÞ�1	ðnÞx¼x1

¼ 1

n!
2

b � a

� �n

½L1
0ðxÞ�1	ðnÞx¼x1

0

¼ 2

b � a

� �n

bn1
0; n ¼ 0; 1;y;m1 � 1: ð2:8Þ

Applying (1.4), (2.7) and (2.8)

BjkðxÞ ¼
Xm1�j�1

n¼0

bn1ðx � x1Þn

¼
Xm1�j�1

n¼0

2

b � a

� �n

bn1
0 x � b � a

2
x1

0 � a þ b

2

� �n

¼
Xm1�j�1

n¼0

bn1
0 2

b � a
x � a þ b

b � a

� �
� x1

0
� �n

¼Bj1
0 2

b � a
x � a þ b

b � a

� �
: ð2:9Þ

If xpb then 2
b�a

x � aþb
b�a

p1; according to Theorem A for k ¼ 1; by (2.9) we obtain

Bj1
0 2

b � a
x � a þ b

b � a

� �
X ðd1

0Þ j�i 2

b � a
x � a þ b

b � a

� �
� x1

0
����

����
i�j

Bi1
0 2

b � a
x � a þ b

b � a

� �����
����

¼ b � a

2
d1

0
� � j�i

jx � x1ji�j
Bi1

0 2

b � a
x � a þ b

b � a

� �����
����:
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However,

b � a

2
d1

0 ¼ b � a

2
maxfjx1

0 � x2
0j; jx1

0 � x0
0jg

¼maxfjx1 � x2j; jx1 � x0jg

¼maxfjx1 � x2j; d1g

¼ d1:

Hence,

Bj1
0 2

b � a
x � a þ b

b � a

� �
Xd

j�i
1 jx � x1ji�j

Bi1
0 2

b � a
x � a þ b

b � a

� �����
����: ð2:10Þ

Obviously from (2.9) and (2.10) it follows that

Bj1ðxÞXd
j�i
1 jx � x1ji�jjBi1ðxÞj ¼

x � x1

d1

����
����
i�j

jBi1ðxÞj; xpb;

i.e.

Bj1ðxÞX
x � x1

d1

����
����
i�j

jBi1ðxÞj; xpx1 þ d1: ð2:11Þ

Case 2: x4x1 þ d1:
In this case, we separate three subcases.
Case 2.1: i ¼ j þ 1:
Shi [3], proved that if m1 � j � 1 is even, Bjþ1;1ðxÞ has exactly one zero, say x;

which must lie in ðx1;þNÞ and we have

Bj1ðxÞ4� x � x1

x1 � x2
Bjþ1;1ðxÞ; xAR; ð2:12Þ

Bj1ðxÞ4
x � x1

x1 � x2
Bjþ1;1ðxÞ; xXx; ð2:13Þ

Bjþ1;1ðxÞ40; xox: ð2:14Þ

Using (2.12)–(2.14) as well as Lemma 2.1

Bj1ðxÞ4
x � x1

x1 � x2

����
����jBjþ1;1ðxÞjX

x � x1

d1

����
����jBjþ1;1ðxÞj; x4x1 þ d1: ð2:15Þ

Case 2.2: i ¼ j þ 2:
Following the idea of [3], put

L�
1ðxÞ ¼ L1ðxÞ

x � x2

x1 � x2

� ��1

:
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Thus,

b�
n1 ¼

1

n!
½L�

1ðxÞ
�1	ðnÞx¼x1

¼ bn1 þ
1

x1 � x2
bn�1;1; nX1;

from which by (1.4) for k ¼ 1 it is not difficult to see

B�
jþ1;1ðxÞ ¼

Xm1�j�2

n¼0

b�
n1ðx � x1Þn

¼Bjþ1;1ðxÞ þ
x � x1

x1 � x2
Bjþ2;1ðxÞ: ð2:16Þ

Since m1 � j � 1 is even, according to Lemma 2.1

Bjþ1;1ðxÞo0; x4x1 þ d1; ð2:17Þ

B�
jþ1;1ðxÞo0; x4x1 þ d1: ð2:18Þ

Then by (2.16) and (2.18)

04B�
jþ1;1ðxÞ ¼ Bjþ1;1ðxÞ þ

x � x1

x1 � x2
Bjþ2;1ðxÞ; x4x1 þ d1: ð2:19Þ

Applying [3, (2.24)] with m1 � j � 2 being odd

Bjþ2;1ðxÞ40; xAR: ð2:20Þ

Using (2.17) (2.19) and (2.20)

Bjþ1;1ðxÞo� x � x1

x1 � x2
Bjþ2;1ðxÞo0; x4x1 þ d1:

Thus,

jBjþ1;1ðxÞj4
x � x1

x1 � x2

����
����jBjþ2;1ðxÞjX

x � x1

d1

����
���� jBjþ2;1ðxÞj; x4x1 þ d1: ð2:21Þ

Put (2.21) into (2.15), we see

Bj1ðxÞX
x � x1

d1

����
����
2

jBjþ2;1ðxÞj; x4x1 þ d1: ð2:22Þ

Case 2.3: From the above induction, one can easily prove

Bj1ðxÞX
x � x1

d1

����
����
3

jBjþ3;1ðxÞj; x4x1 þ d1;

Bj1ðxÞX
x � x1

d1

����
����
4

jBjþ4;1ðxÞj; x4x1 þ d1;

^

Bj1ðxÞX
x � x1

d1

����
����
i�j

jBi1ðxÞj; x4x1 þ d1: ð2:23Þ
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Using (2.11) and (2.23), inequality (2.5) is obvious for k ¼ 1: Similarly we can prove
(2.5) for k ¼ n: By the same argument as that of [3, (2.22)], we obtain (2.6).

3. Convergence of Gaussian quadrature formulas

First we state two theorems in [1].

Theorem B (Freud [1, Theorem 1.1, p.89]). Let daAE and fASðdaÞ: Then for every

positive quadrature procedure fQng; belonging to the measure da; the relation

lim
n-N

Qnð f Þ ¼
Z
R

f ðxÞ daðxÞ

holds.

Theorem C (Freud [1, Theorem 1.6, p. 98]). Let daAE; fASðdaÞ and let GðxÞ be a

non-negative function, defined in R; for which all derivatives exist in R and suppose that

Gð2nÞðxÞX0; xAR; n ¼ 1; 2;y;

lim
x-þN

f ðxÞ
GðxÞ ¼ lim

x-�N

f ðxÞ
GðxÞ ¼ 0

and
R
R

GðxÞ daðxÞ exists; Moreover, as is customary, let xkn ¼ xknðdaÞðk ¼ 1; 2;y; nÞ
be the zeros of Pnðda; f Þ of orthogonal polynomials; then

lim
n-N

%Qnðda; f Þ ¼
Z
R

f ðxÞ daðxÞ;

where

%Qnðda; f Þ ¼
Xn

k¼1

lnðda; xknÞ f ðxknðdaÞÞ

with

lnðda; xknÞ ¼
Z
R

lknðxÞ daðxÞ

and lknðxÞ being the Lagrange fundamental interpolation polynomials over the points

x1n; x2n;y; xnn: Let xknðdaÞ be the solution of the extremal problemZ
R

Yn

k¼1

jx � xkjmk daðxÞ ¼ min
t1X?Xtn

Z
R

Yn

k¼1

jx � tkjmk daðxÞ:

Based on the result of Theorem A, by the similar arguments to that of [4, Lemma
2] and [4, Corollary 1], we get the following two lemmas.
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Lemma 3.1. If mk � j is even and 0pjoipmk � 2; then

jlikðdaÞjpsnðxkðdaÞ þ 0Þdi�j
k ljkðdaÞ; 1pkpn: ð3:1Þ

Lemma 3.2. Assume that all mk; 1pkpn; nAN; are even then

jljkðdaÞjpd
j

k l0kðdaÞpd
j

k

Z xk�1ðdaÞ

xkþ1ðdaÞ
daðxÞ; 0pjpmk � 2; 1pkpn: ð3:2Þ

Lemma 3.3. Let all mk be even and da be a measure. Assume that G is ðNn þ 1Þth
continuously differentiable on R and satisfies

GðxÞX0; GðNnþ1ÞðxÞX0; xAR: ð3:3Þ

Then,

Xn

k¼1

Xmk�2

j¼0

ljkðdaÞGð jÞðxkðdaÞÞp
Z
R

GðxÞ daðxÞ: ð3:4Þ

Proof. Let e40 be arbitrary and we consider the function GeðxÞ ¼ GðxÞ þ exNnþ1

and the Hermite interpolation polynomial HnmðxÞ of degree at most equal to Nn of
GeðxÞ; which is, on account of [1, Lemma 1.3, p.15] uniquely determined by the
relations

Hð jÞ
nm ðxkÞ ¼ Gð jÞ

e ðxkÞ; j ¼ 0; 1;y;mk � 1; k ¼ 1; 2;y; n: ð3:5Þ

We show that HnmðxÞpGeðxÞ holds for every x: If this were not the case for every x;
that is to say, there exists a point y satisfying HnmðyÞ4GeðyÞ; In view of

GeðxÞXexNnþ1; we can get HnmðxÞoGeðxÞ hold for sufficiently large values of x;
then the difference GeðxÞ � HnmðxÞ would have at least one zero with odd
multiplicity. Thus Ge � Hnm would have, the prescribed zeros included, at least Nn þ
2 zeros, counted with their multiplicities. By repeated application of Role’s theorem

one would find a point x0 where G
ðNnþ1Þ
e � H

ðNnþ1Þ
nm vanishes. This is, however,

impossible, on account of H
ðNnþ1Þ
nm ðxÞ 
 0 and G

ðNnþ1Þ
e ðx0Þ ¼ GðNnþ1Þðx0Þ þ ðNn þ

1Þ!e40: This contradiction proves our statement. On the basis of (3.5) and by [5,
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Theorem 2.1], we infer that

Xn

k¼1

Xmk�2

j¼0

ljkðdaÞGð jÞ
e ðxkðdaÞÞ ¼

Xn

k¼1

Xmk�2

j¼0

ljkðdaÞHð jÞ
nm ðxkðdaÞÞ

¼
Z
R

snðxÞHnmðxÞ daðxÞ

¼
Z
R

HnmðxÞ daðxÞ

p
Z
R

GeðxÞ daðxÞ

¼
Z
R

GðxÞ daðxÞ þ
Z
R

exNnþ1 daðxÞ:

Hence the statement of the lemma follows by the limiting process e-0:

Theorem 3.1. Let daAE; fASðdaÞ; and let all mkn; 1pkpn; nAN; be even. Assume

that G has all derivatives on R and satisfies that

Gð2jÞðxÞX0; xAR; j ¼ 0; 1;y; ð3:6Þ

jGð jÞðxÞjpcGðxÞ; xAR; j ¼ 1; 2;y;m � 2; ð3:7Þ

lim
jxj-N

f ðxÞ
GðxÞ ¼ 0; ð3:8Þ

and
R
R

GðxÞ daðxÞ exists. If

lim
n-N

Dn ¼ 0 ð3:9Þ

then

lim
n-N

Xn

k¼1

ljkðdaÞ f ðxknðdaÞÞ ¼ 0; jX1 ð3:10Þ

and

lim
n-N

Qnðda; f Þ ¼
Z
R

f ðxÞ daðxÞ: ð3:11Þ

Proof. We denote N1 ¼ f1; 3;y;mk � 3g; N2 ¼ f2; 4;ymk � 2g:
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From Lemma 3.2 and (3.7)

Xn

k¼1

X
jAN1

ljkðdaÞGð jÞðxkðdaÞÞ
�����

�����p c
Xn

k¼1

X
jAN1

d
j

k l0kðdaÞGðxkðdaÞÞ

p c
Xn

k¼1

X
jAN1

D j
nl0kðdaÞGðxkðdaÞÞ

¼ c
Xn

k¼1

l0kðdaÞGðxkðdaÞÞ
X
jAN1

D j
n

p c
Dn � Dm�1

n

1� D2
n

Xn

k¼1

l0kðdaÞGðxkðdaÞÞ

¼ an

Xn

k¼1

l0kðdaÞGðxkðdaÞÞ;

where an ¼ c
Dn�Dm�1

n

1�D2
n
: Thus,

Xn

k¼1

X
jAN1

ljkðdaÞGð jÞðxkðdaÞÞX� an

Xn

k¼1

l0kðdaÞGðxkðdaÞÞ: ð3:12Þ

Using Lemma 3.1 and (3.6)

Xn

k¼1

X
jAN2

ljkðdaÞGð jÞðxkðdaÞÞX0 ð3:13Þ

and

Xn

k¼1

l0kðdaÞGðxkðdaÞÞX0: ð3:14Þ

By Lemma 3.3 as well as (3.12)–(3.14) one can getZ
R

GðxÞ daðxÞX
Xn

k¼1

Xmk�2

j¼0

ljkðdaÞGð jÞðxkðdaÞÞ

¼
Xn

k¼1

Xmk�2

j¼1

ljkðdaÞGð jÞðxkðdaÞÞ þ
Xn

k¼1

l0kðdaÞGðxkðdaÞÞ

¼
Xn

k¼1

X
jAN1

ljkðdaÞGð jÞðxkðdaÞÞ þ
Xn

k¼1

X
jAN2

ljkðdaÞGð jÞðxkðdaÞÞ

þ an

Xn

k¼1

l0kðdaÞGðxkðdaÞÞ þ ð1� anÞ
Xn

k¼1

l0kðdaÞGðxkðdaÞÞ

X ð1� anÞ
Xn

k¼1

l0kðdaÞGðxkðdaÞÞ: ð3:15Þ
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Then from (3.9) and (3.15), we have

lim sup
n-N

Xn

k¼1

l0kðdaÞGðxkðdaÞÞp
Z
R

GðxÞ daðxÞ: ð3:16Þ

Let e40 be arbitrary; we choose a T such that for jxjXT the inequality
jf ðxÞjpeGðxÞ holds and let aðxÞ be continuous at the points 7T : Hence for jX1
and fASðdaÞ , by means of Lemma 3.2, we see that

X
jxk jpT

ljkðdaÞf ðxkðdaÞÞ

������
������p

X
jxk jpT

d
j

k l0kðdaÞjf ðxkðdaÞÞj

p
X

jxk jpT

d
j

k

Z xk�1

xkþ1

jf ðxkðdaÞÞj daðxÞ

pD j
n

X
jxk jpT

jf ðxkðdaÞÞjðaðxk�1Þ � aðxkþ1ÞÞ

¼D j
n

X
jxk jpT

jf ðxkðdaÞÞjðaðxk�1Þ � aðxkÞÞ

2
4

þ
X

jxk jpT

jf ðxkðdaÞÞjðaðxkÞ � aðxkþ1ÞÞ

3
5: ð3:17Þ

Because fASðdaÞ , according to [2, Chapter 3, Theorem 21], we get jf jASðdaÞ: Thus
we obtain

lim
n-N

X
jxk jpT

jf ðxkðdaÞÞjðaðxk�1Þ � aðxkÞÞ þ
X

jxk jpT

jf ðxkðdaÞÞjðaðxkÞ � aðxkþ1ÞÞ

2
4

3
5

¼ 2

Z
jxjpT

jf ðxÞj daðxÞ

p2

Z
R

jf ðxÞj daðxÞ: ð3:18Þ

Then by (3.9), (3.17) and (3.18)

lim
n-N

X
jxk jpT

ljkðdaÞ f ðxkðdaÞÞ

������
������ ¼ 0:
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Using Lemma 3.2, (3.16) and noticing that jf ðxÞjpeGðxÞ for jxj4T ; we have

lim sup
n-N

X
jxk j4T

ljkðdaÞ f ðxkðdaÞÞ

������
������p lim sup

n-N

X
jxk j4T

d
j

k l0kðdaÞeGðxkðdaÞÞ

p e lim sup
n-N

Xn

k¼1

D j
nl0kðdaÞGðxkðdaÞÞ

¼ e lim
n-N

D j
n

h i
lim sup

n-N

Xn

k¼1

l0kðdaÞGðxkðdaÞÞ

p e lim
n-N

D j
n

Z
R

GðxÞ daðxÞ:

Hence

lim
n-N

X
jxk j4T

ljkðdaÞ f ðxkðdaÞÞ

������
������ ¼ 0:

However

Xn

k¼1

ljkðdaÞ f ðxkðdaÞÞ
�����

�����p
X

jxk jpT

ljkðdaÞ f ðxkðdaÞÞ

������
������þ

X
jxk j4T

ljkðdaÞf ðxkðdaÞÞ

������
������:

Thus

lim
n-N

Xn

k¼1

ljkðdaÞ f ðxkðdaÞÞ ¼ 0; jX1; fASðdaÞ: ð3:19Þ

Then by means of (3.19) and Definition 1.2

lim
n-N

Xn

k¼1

ljkðdaÞ f ðxkðdaÞÞ ¼ 0; jX1; fAS0ðdaÞ: ð3:20Þ

From Definition 1.2, if f is a polynomial, it is easy to see that

f ð jÞAS0ðdaÞ; j ¼ 0; 1; 2;y : ð3:21Þ

In [5, Theorem 2.1], we have the generalized Gaussian quadrature formulaZ
R

f ðxÞsnðxÞ daðxÞ ¼
Xn

k¼1

Xmk�2

j¼0

ljkðdaÞ f ð jÞðxkðdaÞÞ; ð3:22Þ

which is exact for every polynomial fAPNn
:

It follows from (3.20) and (3.21) that for each polynomial f

lim
n-N

Xn

k¼1

Xmk�2

j¼1

ljkðdaÞf ð jÞðxkðdaÞÞ ¼ 0: ð3:23Þ
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By virtue of (1.7), (3.22) and (3.23)

lim
n-N

Qnðda; f Þ ¼
Z
R

f ðxÞsnðxÞ daðxÞ ¼
Z
R

f ðxÞ daðxÞ; ð3:24Þ

which is exact for every polynomial f :
According to Lemma 3.1, we have

l0kðdaÞX0: ð3:25Þ
Then by means of Definition 1.3, (3.24) and (3.25), we get the positive quadrature
procedure fQnðda; f Þg belonging to da: According to Theorem B, for daAE;

lim
n-N

Qnðda; f Þ ¼
Z
R

f ðxÞ daðxÞ; fAS0ðdaÞ: ð3:26Þ

Applying (3.26) to the function, coinciding in ½�T ;þT 	 with f ðxÞ but vanishing
outside of ½�T ;þT 	 , one obtains

lim
n-N

X
jxk jpT

l0kðdaÞ f ðxkðdaÞÞ ¼
Z T

�T

f ðxÞ daðxÞ: ð3:27Þ

By reason of (3.25), (3.16) and jf ðxÞjpeGðxÞ we obtain

lim sup
n-N

X
jxk j4T

l0kðdaÞ f ðxkðdaÞÞ

������
������p lim sup

n-N

X
jxk j4T

l0kðdaÞjf ðxkðdaÞÞj

p e lim sup
n-N

Xn

k¼1

l0kðdaÞGðxkðdaÞÞ

p e
Z
R

GðxÞ daðxÞ ð3:28Þ

and Z
N

T

f ðxÞ daðxÞ þ
Z �T

�N

f ðxÞ daðxÞ
����

����pe
Z
R

GðxÞ daðxÞ: ð3:29Þ

Using (3.27)–(3.29) as well as the limiting process e-0; we get

lim
n-N

Qnðda; f Þ ¼
Z
R

f ðxÞ daðxÞ; fASðdaÞ: &
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